
506 ISEE TRANSACTIONS ON MICROWAVR TREORY AND TECHNIQUES, VOL. NfTT-~, NO. 8, AUGUST 1976

2-18-GHz Dis~ersion Measurements on 10–1OO-Q
Mic;ostrip Lines

TERENCE C. EDWARDS AND

Abstract—Dispersion measurements on microstrip lines with cbarac.
teristic impedances between 10 and 100 L2 are described, covering the
frequency range 2–18 GHz. Single-crystal sapphire cut with a specified

crystal orientation was used as the substrate material. Microstrip
effective permittivities were calculated from the resonant frequencies of
open-ended straight resonators using a technique which eliminated
end-effect. Tbe experimental results are compared with some recent
dispersion theories. An empirical dispersion formula is independently

developed, and is shown to provide well-fitting curves for all the measured

dispersion results.

I. INTRODUCTION

T

HE accurate design of microstrip circuits requires

comparably accurate and reliable information on the

dispersive behavior of the microstrip lines to be used.

Currently available information on this behavior is in-

complete. Experimentally, dispersion at frequencies above

about 12 GHz is rarely investigated, and the range of line

impedances considered has also been rather restricted.

Available theoretical predictions have therefore not been

tested over sufficiently wide frequency and impedance

ranges,

In this paper we present the results of an extensive

experimental investigation into the dispersive nature of

microstrip lines on 0.5-mm-thick 25-mm-square mono-

crystalline sapphire substrates. The frequency range is

extended up to 18 GHz and abroad characteristic impedance

(Z,) range, 10-100 Cl, is considered. Certain available

theoretical treatments are also compared with our results;

including the spectral domain analysis of Itoh and Mittra

[1] and the analytical formulation due to Getsinger [2].

Each shows slight departure from the measured results over

certain parts of the frequency range, An empirical formula

tailored to the measured points is independently developed,

and incidentally shown to work effectively for a high-purity

alumina substrate with thickness differing from that of the

sapphire.

11. MEASUREMENT METHOD AND ACCURACY CONSIDERATIONS

We used resonance measurements to determine micro-

strip effective permittivities g.~~ for a set of resonant fre-

quencies The procedure was repeated for several microstrip

width-to-substrate-height ratios (W/h) between 0.1 and

10 to obtain a family of dispersion points covering the

frequency range 2–1 8 GHz in each case. .Measurements

were originally made on ring resonators, but towards the
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extremes of the linewidth range we encountered

difficulties associated with 1) curvature effects, 2) frequency

pulling due to coupling problems, and 3) the manufacture

and physical measurement of high-tolerance thin rings.

As a result there were unacceptable variations between

e~~~results for nominally very similar rings, and they were

abandoned in favor of end-fed open-ended straight reson-

ators. These gave more repeatable results for all the micro-

strip lines studied. The manufacturing and measurement

difficulties were greatly eased, and it was possible to obtain

adequate coupling without pulling the resonant frequency.

End-effect was eliminated by working with pairs of straight

resonators, nominally of identical width Wand with identical

coupling gaps g, but with physical lengths chosen so that

the nth-order resonant frequency of the shorter resonator

fl corresponded very closely with the 2nth-order resonance

of the longer resonator fz. The physical lengths were,

respectively, 11 and 12. Suppose ICrepresents the sum of the

coupling-gap end-effect length 1~ and the open-line end-

effect length 10 [3] and that 1=is the same for each resonator.

The following equations can then be simply derived from

the resonance conditions for each resonator [4]:

[ 1

~ ~f = nc(2f~ – j-~) 2
e

2f1 f2(12 – 11)
(1)

and

~e = f212 – Zflll

(2f, – fJ
(2)

where c is the velocity of light.

Equations (1) and (2) hold provided both sc~~ and 1.

may be regarded as constant between fl and f2. We make

1~ & (211 + 1,) to ensure that fl and f2 are close. Equal

coupling gaps are essential because 1~, and hence 1., is

dependent upon g [3]. This approach assumes that 1.

is independent of the resonator length. There is evidence

that this may not necessarily be true [5], but for a substrate

with relative permittivit y comparable to sapphire, data

are only available for h = 1.27 cm and W = 2 cm. A

scaling exercise has been carried out on Itoh’s results which

shows that all the resonators used in this study lie in the

region where I. is essentially constant,

The special requirements arising from this method are

that, for each set of results, a pair of resonators must be

made with identical widths and coupling gaps. They may

both lie on a single substrate, or each may occupy one of a

pair of substrates with very closely matched thicknesses,

in order to accommodate a long resonator across a diagonal

or to avoid resonator interaction. These requirements were
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Fig. 1. 103-f2 resonator pair, with inset showing gap region.

TABLE I

Line 4 T
1

No.
2 3 4 5 6 7 8 9 10 11

w, mm 4.490 2.445 1.921 1.068 0.642 0.415 0.275 0.17s 0-111 0.073 0.050

h,mm 0.491 0.492 0.512 0.496 0.510 0.507 0.502 0.4s0 0.507 0.502 0.496

11.50 11.43 11.39 11.29 11.18 11.08 10.99 10.91 10.82 10.76 10.73creq

9.733 9.057 8.732 S.108 7.594 7.263 7.019 6.832 6.640 6.524 6.448
c eo

Z ~, ohms 10.03 16.53 20. 46., 0.05 41.29 51.24 60.98 70.64 83.86 )4.26 03.58

achieved even for the narrowest resonators with W =

50 pm, g = 10 pm, and lengths 11 = 9.4 mm and 12 =

19.2 mm. Fig. 1 is a photograph of this particular resonator

pair, with an inset enlargement of the gap region. Additional

values of &.~~were obtained from the odd-mode resonances

of the longer resonators using

‘e”= [w:+J’
(3)

where 1. may be interpolated between the values calculated

from (2). In fact 1, was found to be substantially independent

of frequency for most resonator pairs. Measurements were

made using a network analyzer and a frequency counter

with a repeatability of < t 2 MHz. It was essential to have

accurate measurements of resonator lengths (to ~ 5 ~m)

and widths (to ~ 1 pm). and to be sure that the coupling

gaps were equal to within ~ 1 pm. The substrate thickness

h not only governs the W/h ratio but also influences the

dispersive behavior, particularly for wide lines, so it was

also necessary to measure this parameter to + 5 pm in

500 pm.

III. DERIVATION OF QUASI-STATIC PARAMETERSOF

EXPERIMENTAL MICROSTRIP Lmms

Before comparing the experimental results with theoretical
dispersion curves, it is necessary to establish the substrate

relative permittivity &, and, for each microstrip line, the

low-frequency (LF) limit of microstrip effective permittivity

&,O. In practice, e, is normally obtained from a separate

experiment, then knowing W/h for the line, both C=Oand Z.

may be computed from available quasi-static microstrip

analysis theories [6]–[8]. The situation with monocrystdline

sapphire substrates is complicated by the fact that the

material is uniaxially anisotropic. All our substrates are

cut with the crystal C axis perpendicular to the micmstrip

ground plane. The material permittivity is then constant

everywhere in the plane of the substrate, and the microstrip

line behavior is unaffected by its orientation in this plane.

The quasi-static behavior of microstrip on sapphire cut with

this particular C-axis orientation is dealt with theoretically

in another paper [9]. It is shown there that the conventional

quasi-static microstrip theories are applicable provided that

e, is replaced by a parameter called the equivalent isotropic-

substrate relative permittivity e,.~, which is a function of

W/h. In Table I are listed the Wand h measurements of the

experimental microstrip lines and the corresponding values

of :,eq computed from W/h as described in [9], using
El = 9.4o and &,1= 11.60 as the principal relative permit-

tivities of sapphire, In addition, the parameters &,Oand 20

computed from Bryant and Weiss theory [7], [8] are

tabulated.

IV. COMPARISONOF EXPERIMENTAL RES~JLTSWITH

SELECTEDDISPERSIONTHEORIES

The experimental results for all measured lines are shown

in Fig, 2, each set being identified by its line number. The
&.. values given in Table I are also plotted and they fit in

quite well with the trend of the E.f f results at low frequencies,

allowing for the fact that error bounds of up to 0.5 percent

should be placed on each value of s,c~ [9]. ‘This is a good

indirect experimental check on the theoretical predictions

of [9].
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Fig. 2. Effective microstrip permittivity versus frequency. ● Experi-
mental results. @ Predicted eeOresults [8]. Continuous curves from
Itoh theory [1]. Double lines represent e,eqf 0.05.
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Fig. 3. Difference between Itoh predictions and Bryant and Weiss
calculations of eeo plotted against W/h.

A rigorous theoretical analysis of microstrip dispersion

using a spectral domain approach has recently been carried

out for microstrip in a conducting box [1]. Apart from box

size, the data required for calculation of&~ ~~ down to very

low frequencies, are: W, h, and s,o~. These data, listed in

Table I, have been applied to a computer program kindly

supplied by Dr. T. Itoh, which implements the theory of [1].

For each line, the box size was increased until further

increase had a negligible effect on the computed &e~~ values.

Fig. 2 shows the continuous curves thus generated, which

are drawn in pairs in this instance, representing e,e~ (from

Table I) ~ 0.05 to account for the error bound previously

mentioned. For many lines the curves are in very good

agreement with the measurements, although for the narrower

lines it is the lower bound curve which best fits the points,

and for lines 6 and 7, for example, the points lie even below

this curve. This displacement may be partly due to the slight

discrepancy between the values of &eocalculated from quasi-

static theory (given in Table I) and the values predicted by

the Itoh and Mittra theory. This causes the curves of Fig. 2

to fall less sharply at their low-frequency ends than might

be expected. The difference involved is less than 0.5 percent

and it is plotted in Fig. 3 as a percentage deviation from the

Bryant and Weiss [7], [8] quasi-static value versus W/h.

If Wheeler theory is used [6], the discrepancy rises to almost

1 percent around W/h = 0.6.
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Fig. 4. Getsinger G parameter versus ZO. + Optimized using measured dispersion curves. —— Plotted from (7).
— —— — Plotted from (6).

For computer-aided design purposes, analytical formulas

such as those published by Getsinger [2] and Carlin [10],

are of particular value. The Getsinger formula is

(&req – 8,.)

“f’ = ‘“q– 1 + G(j_/jJ2

where

(4)

(5)

and “PO is the free-space permeability. The parameter G is

purely empirical, thereby giving some flexibility to” the

formula. G is dependent mainly on 20 but also on h, and

Getsinger deduced from measurements of ring resonators on

alumina that

G = 0.6 + 0.009Z0 (6)

when h is 0.635 mm.

The range of the present measurements, the method

employed, and the different substrate thickness, required

that a new value of the G-factor should be determined by

curve fitting to each set of experimental results. Only the

measured results were used in the curve fitting. For each

line sr.~ was allowed to deviate from the value given in

Table I if necessary, so that .s,Ocould also deviate according

to the quasi-static relationship between the two permit-

tivities. The resulting optimized values of G are plotted

against 20 in Fig. 4. The equation

[1~= 2.–51/2
+ 0.00420

60
(7)

is plotted as a continuous curve in the figure and is seen to

fit the optimized points very well. The Getsinger expression

(6) for G is also plotted for comparison. There is clearly a

considerable difference between the two curves, particularly

at the low-impedance end of the figure.

The continuous curves of Fig. 5 were drawn using the

Getsinger formula with the new expression for G. The

broken curves a drawn in Fig. 5 for several representative

lines were produced using G calculated from (6). As the

line impedance falls, these curves are Seen to deviate

progressively more at the higher frequencies as the diff-

erence between the G-factors increases.

Selected curves using the theory of Carlin [10] are also

shown as curves b in Fig. 5. This theory calculates &eff

from an equation of the form

(%WIeeff
– &eo)Af2= 8eo +

1 + J/12f’ + 1
(8)

where A is a function of 20 and h which can be derived from

[1O”J No attempt was made to optimize A for these curves,

which also rise sharply at the high-frequency ends for the

low-impedance lines, but it is anticipated that a similar

improvement in the fit could be obtained.

V. ‘DISCUSSION OF RESULTS

The analytical equation of Getsinger provides a fairly

accurate prediction of microwave dispersion over the wide

range of frequencies and line impedances covered by the

present measurements, provided that the proper expression

for the parameter G is used. In order to obtain a good

overall fit to the measured points, however, the curves of
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5. Effective microstrip permittivity versus frequency. ● Experimental results. Getsinger curves using (7)
for G. Curves a, Getsinger curves using (6) for G. Curves b, Carlin curves using (8) with A values from [10].

Fig. 5 in general fall slightly below the points at the lower

end of the frequency range, but rise above them at the high-

frequency end. There is, therefore, scope for an alternative

analytical dispersion equation which can take this consistent

discrepancy into account by including higher order powers

of frequency in the expression for the dependent variable

&eff.

In its most general form, such an equation will be as

follows :

(%.. – %0)
‘eff = ‘req —

l+P
(9)

where P is a polynomial

P=aJ2+a3f3 +””” +anf”. (lo)

This equation obeys the three conditions 1) &.f f = &..

when f = O; 2) d(geff)/df = O when f = O; 3) e,f f + &,.q

as f + co. The coefficients an must be functions of A and

20 to allow for the dependence of dispersion on these two

microstrip parameters. It will be noted that if az = G/fp2
and an = O (n > 2), Getsinger’s equation is recovered.

Similarly, after rearrangement of (9) into the form of (8),

it maybe seen that if A2f 4 >> 1~Carlin’k formula is obtained

by putting az = A and a. = O (n > 2). Thm (9) is a natural

progression irom (4) and (8) involving one or more extra

empirical parameters in addition to G or -4.

It is oniy necessary to include the extra term aJ3 in

the polynomial to obtain a- good fit to the experimental

results. A simple relationship between the optimized

coefficients az and a3 and h/ZO for each line was observed,

and the final form of the polynomial P to be used in (9)
was found to be

P = (/i/Zo)l “33[0.43f2 – 0.009f 3] (11)

where h is in millimeters and f is in gigahertz.

Fig. 6 shows the curves generated using this polynomial,

illustrating the very close agreement with the experimental

results. The empirical equations clearly cover a wide range
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Fig.6. Effective microstrip permittivity versus frequency. oExperimental results. @Predicted e,Oresults [7]. Continuous
curves from combined (9) and (11).

rLine Number

‘req
(theoretical)

Ereq
(analytical
f onnula) I

1 2

11.50 11.43

11.56 11.46

TABLE II

7
3 4 5 6 7 8 9 10 11

11.39 11.29 11.18 11.08 10.99 10.91 10.82 10.76 10.73

11.50 11.38 11.21 11.06 10,92 10.93 10.87 10.75 10.75

ofline impedances, butthevalidity of the h-dependence has

not been checked with sapphire substrates of different

thickness. As was also observed with the Getsinger curves,

the &,Oand c,e~ values predicted by the curves of Fig. 6 are
in general slightly higher than those obtained theoretically.

Table II shows the relative values of s,e~. The differences

involved are quite small and are mostly accounted for by

the A 0.05 error on the theoretical .z,,~values. An alternative

explanation is that, as predicted by the Itoh curves (Fig. 2),

the slope d(e.J/d? may remain fairly constant down to

very low frequencies, particularly for wider lines. In contrast

the analytical formulas predict a square-law relationship

below about 3 GHz and therefore a somewhat higher eeo

on the fitted curve. The fact that the discrepancy increases

for wider lines lends support to this explanation.

The polynomial formula clearly works up to 18 GHz,

but at 31.85 GHz, dP/d& and hence d(eef J/dj are maximized,

and above this frequency the formula is ill-behaved. This

expression should therefore be used with caution at fre-

quencies much above 18 GHz.
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TABLE III
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7. Dispersion results for microstrip lines on alumina. ● Experimental results. Polynomial curves [(9)
(11)]. — —— — Getsinger curves (optimized G-factor). ------- Itoh curves. For line parameters see Table III.

The influe~ce of the sapphire substrate anisotropy on

dispersion has not been taken into account, although it

might be argued that any discrepancy between our results

and the theoretical predictions could be attributed at least

partly to such an effect. Intuitively, one might expect that

the normal increase in ee~~with’ frequency would be opposed

by some decrease due to a progressively larger component

of electric field in the plane of the air–dielectric interface,

where the sapphire permittivit y has the lower value 81.

The determination of the magnitude of this effect would be a

subject for separate study; but the following discussion of

measurements with microstrip resonators on alumina is

relevant to this problem.

Preliminary experiments have been conducted using high-

purity alumina substrates (“Alsimag” 805) with the quoted

permittivity &, = 10.1 (at 1 MHz). Table III lists the

parameters of each line. The substrate height was 0.65 mm.
The value &r = 10.15 was obtained by curve fitting using the

analytical formulas, and eeo and ZO follow from this. The

G-factors required to obtain a good fit using the Getsinger

formula are included in the table, and it is seen that these

differ from values calculated using either (6) or (7). .

Fig. 7 shows the measured results, together with curves

using Itoh theory, the Getsinger equation with optimized G,

and the polynomial expression. The latter results provide

quite satisfactory confirmation that the dispersion formula

using (9) and (11) is applicable to thicker alumina sub-

strates without further change in the polynomial parameters.

The behavior of the Itoh arid Getsinger curves is similar to

that observed earlier for microstrip on sapphire. In addition,

the measured high-frequency dispersion behavior closely

resembles that observed using sapphire substrates, strongly

suggesting that the effect of sapphire anis~tropy on dis-

persion is very small.

VI. CONCLUSIONS

By careful measurements we have obtained repeatable

and accurate dispersion data for open microstrip lines on

sapphire substrates in the characteristic impedance range

10 < 20 c 100 $2, ‘and for frequencies up to 18 GHz.

Dispersion predictions using the theory of Itoh and Mittra

have been shown to compare very well with experiment.

There is, however, a slight discrepancy at frequencies

approaching the LF limit when compared with previously

accepted accurate quasi-static calculations [7]. The theory

has the advantage that it does not involve any empirical

factor and only the parameters W, h, and 8, are required.

Despite the necessity for lengthy computation it is therefore
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particularly suitable for predicting the dispersion of lines

on a substrate with arbitrary height and permittivity.

The Getsinger analytical expression has been shown to-be

capable of fitting experimental results quite well, but only

after suitable tailoring of the empirical parameter G. The

limited results for microstrip on alumina suggest that for

each new substrate the G parameter must be experimentally

determined to account for different substrate height and

permittivity. This limits the potential of the formula for

predicting the dispersion of an arbitrary line on an arbitrary

substrate. Similar limitations probably apply to the new

dispersion equation involving the polynomial, which was

developed to predict the fine detail of the experimental &e~~

versus frequency curves and includes two empirical param-

eters. The alumina results, however, seem to indicate that

this formula is not too sensitive to changes in substrate

parameters.

When working with alumina, the uncertain electrical

properties, including possible variable bulk permittivity

with frequency [11] and unpredictable anisotropy [12],

add to the difficulties of precision measurement, It is felt

that in these experiments, the use of sapphire as the sub-

strate, with its repeatable and established electrical prop-

erties, has been a distinct advantage in ensuring that accurate

measurements of microstrip characteristics were not unduly

influenced by variable substrate material behavior.
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